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2. AFd<(quaternion)] A4

7} AHEFe] 1R o2
Aol diat Aolg o] i R o 2E5E sy, 45S
el

Aol 1) AHa5el Aol

AT E g=aytajitaytakEH &3] FAAY qap,a0,0,E R ©] T

olw, i,j, k= Ut 2ol ot

C=F =K =1, ij=—ji=k,jk=—kj=1i, ki=ik=j
mpebA A Aol ek wehiH o] AdyehA] e
E B9, 4+5i =4+5i+0j+ 0k 22 AFAF 4 k2] A5 0 ),
AEFE BAFR e 3l

£3), 0,5, k9 A7 04 A5 A Aerr ®oh

o) 2) AMAF g=a,+aitaj+ak’t FARE W,

49 3) A5l 45
T AT ¢ =aytaitagtak , g =by+bi+byj+bkoll diste],
GO =aq < a=by a, =bj,a,=by, a; =b; = RFF3IH ojuf] F AldFE

2eholeta Aol wie,

gol 4) Apde] gt

F AT ¢ =agtaitagitak , g =by +bji+byj+bkol thalo] AR
b Fe v 2ol Aok

@ +q = (ay+b,)+ (@, +b, )i+ (ay +by)j+ (a; +by)k

Qe

%)



90 = (aob0 —a,by —ayb, — agbs) + (aob1 +a,b, +a,b; —asb, )i+ (a0b2 +ayb, +asb; —a,b, )j
+ (a0b3 +asb, +a,by, — a,b, )k

ofw Ab5e] Bl Alel

WHe gget e AEEn Jga

=
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%
T
)
rlo
oX,
k)
_0|L
+
oH
i
2,
=
o
=

ot

Aol 5) A9 A (conjugate), E# o] A(trace), =& (norm), gl
AT g=ay tajitayjtagkoll sk,

C A e o] Felry.

q= a,+a,i+a,j+ak=a,—a;i—a,j—ak

* Efol s t(g) AR g9 ¢be] o= Aot
t(q) = g+ ¢=2a,

s mE (g T AP st gshe] wow el

n(q) = qq= a; +a} +a3 +a;

“lgl= Vag= @ +d+a+d

4 6) a,y7t A5t sk

(1) rz=zz5lzl=x|
1
(2) |zl +yP = §(I:L’+y|2 +lz—y*)

(3) BE B coll tishe], je=cjEEjcj=—c
(4) 2* =|Real> —|Inal* +2Re x Inx

(5) dut o=, (z+y) =2 +2zy+y

(6) 2 AHdS zoll diste] ar=za < aER ©|U.

(7) B AT 28 54T 00 st z=c¢ +cej2 LA 2 E



(D) x=q,+ai+aj+ak , v=a,—aji—ayj—ak 2 AL
Ex=a§+a%+a§+a§=x50]££i zr=xr =, |lzl=|z] o]t}
(2) z=ay+ajitayjtak, y=>b,+bi+byj+bk & 3FAL
2 +1yl* =} +a® +a3 +a) + b+ b} + b5+ b;
|z +yl* = (ay+b,)* + (a, +b,)* + (ay +b,)* + (a; +b,)?

lz—yl* = (a,—by)* + (a, — b, )* + (a, —by)* + (ag — by )?

1

§(|a;+y|2+lx—yl2)=a§+a§+a§+a§+bg+b§+b§+b§ o|t},
1

@ﬂ*1hp+wp=§ﬂx+mkHw—M%

(3) ec=a+bi, c=a—bi & 3=}

je= jla+bi) = aj+bji=aj—bij=(a—bi)j=cj

jej= jla+bi)(=j) = (aj+bji)(— j) =—aj’ —bij=a+bij’ =a—bi=c
(4) x=ay+a,i+ayj+akst SHAL

|Re al* — | Inal* +2Rex Inx = ag —a—adl —a§ —2a, (a,i + ayj+ azk)

©* =a]—al — a5 — a3 —2ay (a0 + ayj + ask)
web A 2 =|Re x> —|Inxl’ +2Re x Inx
(5) AFRsE FAG O@ Aol AusA sema Awa
(6) (=) BE AT z=q,+ajitayjtak o st ar=wa &
&} A},

.
=l Tk

a3 az = alay+a,i+ayj+ azk) = aa, +aa,i+ aayj+ aak ©] 3L
za = (a, +a,i +a,j +azk) a= aa+aia+ayja+taka 1T,

71l 2] &) aa, +aa,i + aayj +aask = aya+ aia+ a,ja+ azka old) Ab

do

y

rr

PN
T

.

r=aytajitajtak o st aERol2} 3HA}.



I8 1EROEE a=1Y W], lx=21=2°22 ax=za ©|T}.
(7) ¢, =ay+aji, ¢, =a,+agiet sHAk

E A r=qytaitay)t+akel ke,

!

o, Fej=a,tai+(aytagi)j=a, +aitajtak=cz £ 5 Aok

e

2T ¢y 005,00 TS z=c¢ +eyj=cy eyt AL
g =bytbi, c,=by,+bid o,

e +cyf = ay +ayi+(ay +agi)j = a, +ayi+ayj+ak

¢y +eyj = by +byi+(by +byi)j = by +byi+byj+bk O] L=

ay = by, a, = by,ay = by,a; = by O] T},

b BE AMIS r=a)taitajtaks SAFE A8 gd9
(8) o =—19] ARG 3= +i, +j, £k ij, +ji, T ki, Tik, +jk, +kj T3]

ol

ARS8 AL T
Aol e AL YAES ol §3te] DS BYL FWska, A

REIE EERUL I

ok GlAlel g 5 0=0+0i+0j+0kEH ©] EA|gHL.
N9 —gemt EAFEE B A6 e ATl
a8 a ARG 2y, H o] HEhe]
r=a,taitajtak, y=b,+bi+tbj+bk, z=c,+citcjtck
(&, a, b, ,ER,i=1,2,3,4)L W,
[zylz = [(ao +ai+ a2j+a3k:)(b0 +bi+by5+ b3k:)] (CO +ciiteg +03k')
= [(aghy — a,b, — ayby — agbs) + (aph, +a,by + aby — agh, )i + (agb, + asb, +azh, —a,bs)j

+ (agbs +azby + a,by — agh, )kl (cy + ¢ +cyj + c5k)



= [(ayby — a,b, — ayb, — asbs)c, — (agh, +a,b, + aybs — azh, e,
— (aob2 +a,b, +asb, —a,b, )02 — (aob3 +asb, +a,b, — a,b, )03]
+ [(aghy — a;b; — agby — azhy )e, + (aph, +a,by + ayby — ash, e,
+(aphy + ayby + azb, — a,by)cy — (aghy +asb, +a,by — asb, e, li
+[(aghy — a;b, — agby — aghy )y — (aph, +a,by + ayby — azb, )y
+(agby +ayby 4 agh, — a,by)c, 4 (aghy +azby +ayby — agb, ), 1
+[(aghy — a,b, — agby — aghy ey 4 (aph, +a,by + ayby, — azb, )c,
— (apby +ayby +azb, —a,by)c; + (aghy +asb, +a,by, — azb, )cylk
= lay (bycy — by, = bycy — bacy) — ay (bye, +b,cy +bycs — bscy)
— ay (byCy +bycy +bsc; —bycy) — ag (byes +bscy +b,cy —bycy )]
+[a, (bycy = byc; —bycy —byes) Fay (bye;, +bycy +bycy — bycy)
— a3 (bycy +bycy +bse; —bycy) + ay (byes +bscy + b,y —byey i
+[a, (byey — byc; — bycy —byes) +ag (bye;, +bycy +bycy —bycy)
+ay (bycy +bycy +bac; —bycy) —ay (byey +bycy +bycy —byey )]
+[as (bycy — byc; —bycy — byes) —ay (bye;, +bycy +bycy — bycy)
+ay (bycy + bycy +bsc; —bycy) + ay (byey +bscy +bycy —byey )k
= (ay + ayi +ayj+agk)[(bycy — byc; — bycy —byey) + (bye, +b,cy +bycy — bacy )i
+ (byCy Fbycy +bye; — by )i+ (byes 4 bscy +bycy — bycy K]
= (ay + ayi +ayj +ask)[(by +byi +byj +byk) (¢, + ¢yi+cyj + c5k)]

=zly?]

o= FAlel e AW

)

o] 4yt

zly+z] = (ay +ayi+ayj +ak)[(by +b,i 4 byj+bok) + (¢, +cyi 4 cpf + k)]

~—

= (ay +ayi +ayj+azk)[(by +c,) + (b, +c, )i+ (b, +c,)j+ (by + 5 )E]

= [ao(bo—i-co)—al(b1 —i—cl)—aZ(bQ+02)—a3(b3+c3)]



+[al (bo +CO)+a0(b1 —|—cl)—a3(b2 +02)+a2(63 —i—cg)]i
+ [(12(1)0+co)+a3(b1 +cl)+a0(b2+c2)fa1(b3+cg)]j
lag (by +cy) —ay (b, +¢;) +a, (b, +c,)+a, by +¢;)k

= (aobo —a;b; —ayb, — a3b3) + (aob1 +a,b, +ayb; —asb, )i

(aob2 +ayb, +ab; —a,by )j + (a0b3 +asb, +a,b, —ayb, )k

+ (aoc0 —a,C; —AyCy — agcg) + (aOc1 Fa,cy T aycq —asc, )i

— (aoc2 +ayc, T ase; —acy )j + (a003 +asc, tacy —aye; )k:

= (ay +a,i +ayj+ azk) (b, +bi 4 byj+bsk)

+(ay +ayi +ayj +ask)(c, + i+ ey +csk)

=zztyz
7R 2 (2+y)z=2z+yz O|EZ FuHF o] Yt
Wt Ag e S Fae kel #2 o) Fuh
4 2) AS HFS BE 00] ol fai FAdl dstel 599 942
e,
<4
0#qg=ay,+ajitayjtakEH o tsto
q e+ 1=(ay+aji+ayj+ak)  (1+0i+0j+0k)=qa, +ai+ayj+ak

Lo q=(140i+0j+0k) + (ay+a,i+ayj+ask) = ay +a,i+ayj +agk

ol R AMIF ¢¢ FH5A1=1+0i+0j+0kEHS ZE=T}
0#q , Z]Zao—ali—%j—a?)k; ) |q|2=q71°ﬂ EH?S‘}O{

=g l=2=1, L g=T=y (=R o1m2) FA B ¢°] 49



Ad 3) H= YA $H(division ring)o] AWk A (field)= o}y T},

oN &
i

oL

Aa Dt Ael 2ol o8] YAl o)t} sl uk Aol ok w
AYgalA] gorng AE ofrt

H

o

o

o]

A 4) AET g=a,tajitayjtakel diste],
n(g) =qq°l™ Nlgq,) = Nlg, )(g,) 1t}

= ne 00] opd ALgelA 00] ohd A5 F HPAMEeld.

o

q =aytaitajtak , g =0b,+bi+byj+bk o T}
@ = (ay — a,i — ayj — agk) (b, — byi — byj— byk) = (agh, — ayb, — ayb, — aghy)
— (aob1 +a,b, + ayb; —asb, )i— (a0b2 +ayb, +asb; —ab, )i— (a0b3 +a3b, +a,b, —a,b, )k
Q@ = (by — byi — byj — byk)(ay — ayi — ayj — agk) = (agh, — ayb, — ayby, — aghy)
— (aob1 +a,b, +ayb; —asb, )i— (aob2 +ayb, +asb; —a,b, )j— (a0b3 +asb, +a,b, —a,b, )k
O BR, 4¢,= ¢q
Nag13) = 4005= 6060 6= 655%= 6N a) 6= 6,6, Ng) = Nq)Ng,)

(N(g,)ERCIE2)

oluf, pi= bijectivedt™ AAFS HFESH)
oSo], lg* =detq ©l3L ¢¢ IHHE Req +hngli ©th.

=
o’

=

ALE g=a, Faji+ayitak=(a,+ai)+(a,+ai)jEH ]2



(O]T’q], ¢ :ao+a1i7 &) :a2+a3i)

o 10\, (—i0 01}, (0—
M@ZM%+%HWﬂ+%w:%&J+%“;J+%L1J+%&Oq

Gy — @l Gy —agl
= 0 v P g o)ska),
—aytagi  aqytagp

wlg)=plg,) 1WA, ¢ =ay+ai+ayj+agk , g =0b,+bi+b,j+bket 347L)

[ by—byi by — by
~\=by by by by

ay—at  ay—agl

—aytast aytag
< a, =by, ay = by, a, =by, a; = b,
T h T %

weba i WARERele oo ofs) A ol

ue bijective ©]t}.

1(qy +q,) = pl(ay +by) + (a; +by )i+ (ay +b,)j+ (ag +by)k)

ay,+by—ai—bi a,+b,—as—Dby
—a,—by,tai+bsi ay+b,+aitby

ay—at  ay —agl
—a,tasi a,+ap

) :N(Q1)+H(QQ>

by —byi by —byi
—by+byi by +byi

1(q,0,) = p((agby — a,by, — aghy — azby) + (agh, + ayby + asby — agby )i

+(aghy +ayby + azb, —a,by)j + (aghy + asb, +a,b, — ayb, )k

(%—W by — byi

| dy—di o dy—dyi
— by byi by by

_(%@ %+%J:

( ay—ayt  ay—asl
—ay,tagt a,tap

= plg )plg,)
(7] A, dy = agby — arb, — ayby —aghy , d; = agh, +a,by +ab; —azb, )

dy, = ayb, +asby +asb; —a,by , dy = ayby +azb, +a,b, —asb;

et AML e BASE ARoR 2 8 2x28qd M (09 FESoR
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ld* =detd =ci+¢ =ay+ai +a;+a; O1EE |g* =detq °] T},

— ‘z A= (¢, + e A ey, 66=0

(e, +¢=2a, , cje;=a+d* | c,e,=d>+a O|B7)

Req +|Ingli=a,+\/d +a;+a;i< Aol tdste] Aelehd 2o Aysnz

Req *|Imgli= ¢ Lgkoltt.

4ol 6) AL T
AT gy, 10 FOARE W, AAG AFTE 19 mAk A4S e

px)e pla)=2"+q, 2" "+..+qrtq EIT 5

el ) AHLE B pr)ell tiske] whek, p(A) =00l A= plz)e] sfoltt.

3. A4 WA Al (quaternion equation)®] AAF

A9l 1) pla)=a"+q, 7" b geteZt FOIAE W,
0 1 0
=16 o i
4% T4 — Q-1
dd = AHLF 34 pl)dl #AE Suk PPojetm Hojdt

49 2) A5 2yl Bstel DS 2yt RABRE RS 0 o=y &

H53k= 00] obd o7F 4D WE 23T

_1‘]_



AE detlY [z] & 25 2dtE FAFolth

A2] 3) (Fuzhen Zhang, 1997)

MR g=ay,ai+ajtak (B, ayap,a,,a,ER)7F EAZCHA 1,
¢} a i@ +d+a e AT = ¢S lgtid @ +a| ot
ot
PN @w=zlg+ivd+ad+ad) (& d+dd =0 HHe= LS
xZ(\/m+al)—a3j+a2k7]— A gkt
el 7h-2)el 28] goh ay+ival+ad+al = fAbarm,
&lay+ival +ad+d ol

g 4) (R.SERODIO, E.PEREIRA, J.VITORIA, 2001)
kel A7} AM S T plr)e] FarelE e Haaatd o,
(1) A& px)e] 3l

(2) v=[1AN..A" "= RagaEon.

(D) pla)=a"+q, 2" '+ tqztq o FHFL C% ¢ FAFHS A

0 1 0
: 0 .. :
G = 0 0 1 oju, CI’;U:)\volﬂi
—4 — 4 -1
0 1 0 Uy Uy
: 0 : : :
. . . — . O]: O IL=
O 0 1 ,Umfl )\ ,Umfl OEHE HO]'Eﬂ
4 —q Q-1 1) v,
U? = )‘vl ’ US = AUZ » T Um = A,U’m,— 1 q()vl - qlv2 T qm— lvm = Avm O] E}‘

_12_



(m—1)HAZA o] o] $HE v, 02 XFhalH, v, =N""

; Uy, 1 =2,0,m
wpx] ek 2o s —qu, — g v, — N, ——gq,_ A" v, =\, AElEha,
A" +q, A" et N g A+ g v, =0
TJHERE v #0,07F GHEZE ol N +q, AT AN At =0
whebd GO HaRahe A= B4 pl)el dolt.

>~

(2) p(x)=a" +q, 2" '+ Fqrtq © ENEL O C o FafFUS

o
R
A8}HA}
v 1
Uy A
— —_ 2
v =18 AP, u|=| X | 22 5 A
’U. )\m.fl

b o= [1A N A" e a3 A9 ¢

i el 5) b ErdE e Haggrelebd o, A= B3 f-alfrgkolth
<=

0 1 . 0 1 1
: 0 . : A A
Cv=Xv SIR=R= 0 0 1 : =\ o]t}
_qO _ql _qul )\mfl )\m 1

0 1 0 1 1

: 0 .. : A A

0 0 1 ol : A
— q() _ q1 qm 1 )\m -1 )\m -1

WA Co=vX olH A& EF §afgheltt,

s AY 6) Av=vii= EE 00] ofd ALYdS gol oisl,

(Av)g= (WN\)g=v(gq )Ag=(vg)g 'Ng 1=

_18_



4o 7) A5 AR0R 25 mxmBPe AT mAe SIHAES
Zov], SAFHES S5k ok B FROoZ Bagelt
%1

Zheth

o

=
=

g 8) (R.SERODIO, E.PEREIRA, J.VITORIA, 2001) AF¥9] di53 44

W pla)7h mA AHLS A o), ) AT Bolok mAe] Al
A 5ol EFHEL,

=
o’

mat AL & plz)=2"+q, 2" '+ 4qrtq . ¢EH S FAL

Y )] mxm FHFAGE A2l 3ol A3 GIAA mAle] Sua

VE SBanggels 39 Gu=oh ol AE 4-(D] FHAL o
“-g-ahi _qovl_qlvl)‘_QQUl)‘Q _"'_qulvl)‘mil =v A" = S T A

3 A el o eEel o e FaH,
_qo_ql,ul)\vl—l _QQU1)\2U1_1 e qm—1U1>\m_1U1_1 :lemvl—l O] E]—

vy ' =02 Fa S A& 0" +g, 0"+t qotg =0

N L R

X
G Fafgkoltt e Dol of&f FHafrake pla)e]

delnw 7zke) §-
2 ASE B0

dgolmz me $HAafFate] EASA plx)e AES mAle A2 &

_14_



At FAFEY ¥ 8ol x3hd e glvh

A2l 9) (Niven's algorithm, 1941)

rir
v
oo
\]
B
ol
o
>
filo

t:q9 trace , n:q2 norm ¥ W, ZE AL ¢
FlEncia=
2 —tx+n=0

olml, plx)=a"+q,_ 2" "+..+qr+qE I’ —tr+noE }FH

Al daglFoll 98 pla) =qla)@® —tz+n)+ flg.t.n)r+glg.t.n)E A=

1

- Jt, o1 /‘ o)
f(qﬂ t7n) g(ql n) ?_ AR

olml, flg,t.,n)x+glg,t,n) =00 & r=—

2] 10) (R.SERODIO, E.PEREIRA, J.VITORIA, 2001)

Rkek, SR &t n)ol el flg.tn), glg,t,n)7k ARRITH &2 7

iy

[t

[—ﬂ- n—ﬂoﬂ Sa wE ASEe T el Holt.

ST F )l s flg.tn), glg,tn)7F AFIEAL 7Hd 81AL
1219, Niven's algorithmol] 9@l p(z)=q(z)@® —tz+n)o] Tt}
z,0] pl@)e setd ple,) =qle) (@] —tz, +n) =0
% FA AM S p, =ono ' E O,

p(z,) = qlx,) (@5 —tzy +n)

whebA, a, T Sfoltt lele] ool tate], 3 FARGE BE AMLSFES
o2 plr)el sfelt.
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. t
qhek oz =a,tajitaygytak , t=2q, , nza(g)—l-a%—&-ag—i-ag o]t 4=

t
@+ =n—(g)olEh AF o€ [a,+i/d+a+d) | o mz

P xle[gm/n—%}om, SESER

1y
i

5

e AReES

Xl
r
of
rlr
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ol
ofy
3
=
to
rir
=
ﬂliﬂ
rlo
DN
b
D
'
X,
_|>i
ACH
3
>
T,
fo
©
ol
£
rl
>¢
=
o
il

D plx)=a*+12-3j)z—k
AH T g=aytajitajtak & o, qe[aOvLi a?-\—ag—i-ag]olﬂi)

=>p(x) =22+ (2+3i)z+i

To 1
qf—[—i —2—31']

mapleS ©]&3te] fgS Tt
A, =—0.25552—0.15678i — ¢, =—0.51104, n, = 0.08987

A, =—1.74448 — 2.8432i — t, =—3.48896, n, = 11.127

9] plz)oll W3+ niven's algorithm

n+k

—_ T o3 A = F3ih
1=y gy o WAl AE e T

(2. A7) 2) A4 goll hste] qlzm% o] gato] AAh)
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_ 0.03984+k
LT 051104235

= 0.01193—0.26745¢ +0.24045 + 0.13274k

11127+ k
= = — 147701 — 0.26745i +2.97593j — 0.13274k
T2 T 348896+ 2— 35 ! J

weld plr) =22 +©2—3j)z—k=092] &=
2, = 0.01193 — 0.26745; + 0.2404; + 0.13274k

x, =— 1.47701 —0.26745¢ +2.975935 — 0.13274k

2) pla)=2"+0—j)a* +2kz+(3—1)
A g=a,+ajitay+ak 2 W, ¢= [a0+i\/a?+a§+a§]0]lj_i)
=>px) =2+ 1 +i)z+2iz+ 3 +i)

0 1 0
c, = 0 0 1
—(B3+3) —2i —(1+1i)

maples ©]-&3sle] ILFEks -3
A, =0.73114— 1.77623i — t, = 1.46228, n, = 3.68956
A, =—1.84412—0.10779i — t, =—3.68824, n, = 3.4124

A3 = 0.11299+0.88402t — t, = 0.22598, n, = 0.79426

2] p(x)el i3k niven's algorithm

p= STMIITITN o) yqyate) AlS B T,
—n+t+t"—tj+2k

(2. A7 2) A9 ol Hate] ¢ ' =-L o] gato] A%h

lg?

_ 3.68956 +1.46228 ><3.68956 —3 +¢—3.68956; _  6.08473 +i—3.68956

X — s
b —3.68956+ 1.46228 + 1.46228> — 1.46228 +2k  —0.08902—1.46228; + 2k
= 0.78971+ 1.18617 + 1.82655 — 1.74205k
. 3.4124—3.68824 X 3.4124— 347 —3.41245  —12.17335+1i — 13.61473;
2

- 3.4124—3.68824 +3.688242 +3.68824j +2k  6.50247 +3.68824; + 2k
=—2.1603 + 4.65549i + 1.478295 + 4.00394k
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—2.02625+1¢—0.79426;
—0.51721—0.225985 + 2k

1

R

af

9

OO

22+ (1 —j)a* +2kz+ (3—1)
0.28423 4 0.24808i + 0.452195 +0.99073k

0.78971+1.1861% + 1.82655 — 1.74205k

T, =—2.1603 +4.65549¢ + 1.47829;5 + 4.00394k
L3

—0.79426 + 0.22598 + 0.22598% — 0.225987 + 2k
Ly

0.79426 +0.79426 < 0.22598 —3 +¢ —0.79426

= 0.28423 1+ 0.24808¢ +0.45219;5 + 0.99073k
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A study of quaternion and quaternion
equation

Jeon, Eun-Ju

Major in Mathematics Education
Graduate School of Education
Chonnam National University

(Directed by professor Park, Jong Youll)

(Abstract)

There is very insuffcient data and research about the quaternion and
the quaternion equation. So, this study provides information about
quaternion by proving the concept of quaternion and its theorem and, by
extension, provides information computing the zeros of quaternion
equation through previous research. In fact, Using it, we obtained solution
of a quadratic quaternion equation and a cubic quaternion equation.

The aim of this study is to provide the quaternion information with
students to study mathematics and teachers, introduce the quaternion
equation extended from a real coefficient to a quaternion coefficient, and

help broaden understanding by solving a quaternion equation.
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